CHAPTER 4
HIGH ORDER DIFFERENTIAL EQUA -
TION

1. Introduction to Linear Higher Order Equations
Yo =Yct+Yp
yc — Complementary solution
yp — Particular solution
1. The roots are real and different
ye = CieM* + Cret2* + ...
2. The roots are real and repeat
ye = e™[Cy + Cox + C3x? + -]
3. The roots are not real and different
atif
Ye = e*[Cy cos fx + C,sin fx + -+ ]

4. The roots are not real and repeat

Ve = eY{[C; + Cox + -+ ]cos fx + [ C3 + C4x + -+ | sin Bx}

EXAMPLE1»
Find the solution of differential equation
y'+3y' —4y=0

SOLUTION
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4 +3 d 4y =0
Yz TP dx y==5
[D2 43D —4]y =0 D—d
=5 dx
Auxiliary equation
AP +31-4=0
A+4)1-1)=0
A=—4, A=1
The complementary solution is

yc = Cle_4x + Czex

EXAMPLE 2»

Find the solution of differential equation
y’ll _ 8yll + 16y — O

SOLUTION

D* —8D + 16]y = 0, D=—
[ ly I

Auxiliary equation
A*—81+16=0
P-4 -4=0
A=%2, A=4%2
The complementary solution is

ye = e?*[Cy + Cyx] + e 2*[C5 + Cux]

EXAMPLE 3»

Find the solution of differential equation
y'+2y' +5y=0

SOLUTION
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d
[D?+2D + 5]y =0, D=—

dx

Auxiliary equation

A +21+5=0
1= —b+Vb?—4ac

2a
1= —2+V4—-4X%5
B 2
A=-1%2i

The complementary solution is
Ye = e *[C; cos 2x + C, sin 2x]

EXAMPLE 4»

Find the solution of differential equation
y® +8y® + 16y =0

SOLUTION

D* +8D + 16]y = 0, D=—
[D* + 8D + 16]y I

Auxiliary equation
A*+81+16=0
A2+4)A%2+4)=0
A= 12i A=12i

The complementary solution is

Ye = [C1 + Cyx] cos 2x + [ C3 + Cux] sin 2x}
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2. Undetermined Coefficients for Higher Order Equations

ay’ + by’ +cy = f(x)

If f(x)=ax+b, Yp=px+q
If f(x)=ax?*+bx+c, yp =px’+qx+r
If f(x) = e, Ve = pe®
If f(x)=sinax, Yp = psinax + q cos ax
EXAMPLE 1»
Find the general solution of the differential equation
yn _ y — x2
SOLUTION
[D2—1]y=0, D= d
y="5 dx

Auxiliary equation
22—-1=0
A-1DA+1)=0
A=1  A1=-1
The complementary solution is

X

ye = Cie* + Ce™
The particular solution is
yp =px?+qx+r

yp =2px +q
yp =2p
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Substitute into this equation
y" —y=x? then
2p —px? —qx —r = x?

By comparing the coefficients
—2p—1r=0, p=-1, r=-2, q=0.
yp = —x%—2

The general solution is

Yo = YctYp
ye = Cie* + Cre™ —x%2 =2
EXAMPLE 2»

Find the general solution of the differential equation
y'" —vy"+4y" — 4y = cosx

SOLUTION

D3 —D2+4D — 4]y =0, D=—
[ + ly I

Auxiliary equation
B-2+4y—-4=0
y:A-1)+4@1-1) =0
A-D*+1) =0
A=1  A=Z2i
The complementary solution is

ye = Cie* + C, cos 2x + (5 sin 2x

The particular solution is

Yp = pCcosx + qgsinx
yp = —psinx + q cosx

Yp = —pcosx —qsinx
yp' =psinx —qcosx
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Substitute into this equation
y'" —y"+4y" — 4y = cosx then
psinx —qcosx +pcosx +gsinx —4psinx + 4q cosx —

4p cosx —4qsinx = cosx

By comparing the coefficients

-1 1
—-3p—3q =0, _3;1—3}9—=11.,p=?, q=g.
Yp = ?cosx +gsmx
The general solution is
Yo = YctYp
Yo = Cie* + Cycos2x + C3 sian%cosx +%sinx

EXAMPLE 3»

Find the general solution of the differential equation
y"'+2y — 3y = 10e**

SOLUTION
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